Abstract. We consider the topological entropy of state space and quasi-state space homeomorphisms induced from C * -algebra automorphisms. Our main result asserts that, for automorphisms of separable exact C * -algebras, zero Voiculescu-Brown entropy implies zero topological entropy on the quasi-state space (and also more generally on the entire unit ball of the dual).
Introduction
Entropy is a numerical invariant measuring the complexity of a dynamical system. For homeomorphisms of a compact metric space, topological entropy can be defined using either open covers [1] or separated and spanning sets [10, 3] . For automorphisms of unital nuclear C * -algebras, a notion of entropy based on approximation was introduced by Voiculescu [25] , and this was subsequently extended to automorphisms of exact C * -algebras by Brown [5] . By [25, Prop. 4.8] the topological entropy of a homeomorphism T of a compact metric space X coincides with the Voiculescu-Brown entropy of the automorphism f → f • T of C(X). In other words, the Voiculescu-Brown entropy of an automorphism of a separable unital commutative C * -algebra coincides with the topological entropy of the induced homeomorphism on the pure state space. This paper is principally aimed at examining the relationship between the Voiculescu-Brown entropy of an automorphism of a general unital exact C * -algebra and the topological entropy of the induced homeomorphism on the state space (or quasi-state space if we drop the requirement that the algebra be unital) with the hope of being able to obtain information about one from information about the other.
A basic problem in dynamics is to determine whether or not a given system has positive entropy, i.e., whether or not it is "chaotic." In [12] Glasner and Weiss proved that if a homeomorphism of a compact metric space has zero topological entropy, then the induced homeomorphism on the space of probability measures also has zero topological entropy. We thus have in this case that zero Voiculescu-Brown entropy implies zero topological entropy on the state space. Our main result (Theorem 4.5) shows that this implication holds for automorphisms of any separable unital exact C * -algebra, and in fact asserts that zero Voiculescu-Brown entropy implies zero topological entropy on the unit ball of the dual (and in particular on the quasi-state space) in the general separable exact setting. This has the particular consequence that if an automorphism α of a C * -algebra has positive topological entropy at the level of the quasi-state space (for example, if α arises from a homeomorphism of a compact metric space with positive topological entropy), then any automorphism of a separable exact C * -algebra which can be obtained from α via a finite sequence of dynamical extensions and isometric order embeddings will have positive Voiculescu-Brown entropy. Thus in many cases we can obtain some information about the behaviour of VoiculescuBrown entropy under taking noncommutative dynamical extensions, about which little seems to be known in general (it is unknown whether Voiculescu-Brown entropy can strictly decrease, or even become zero, under taking dynamical extensions of a positive entropy system).
The main body of the paper is divided into three parts. In Section 2 we recall the definition of topological entropy and show that, for an automorphism of a unital C * -algebra, the entropy of the induced homeomorphism on the state space is either zero or infinity.
As an example we demonstrate that the shift on the full group C * -algebra C * (F ∞ ) of the free group on countably many generators falls into the latter case. Section 3 is aimed at showing that if an automorphism of a unital C * -algebra has positive Connes-NarnhoferThirring or Sauvageot-Thouvenot entropy with respect to a dynamically invariant state, then the topological entropy on the state space is infinite. In Section 4 we begin by recalling the definition of Voiculescu-Brown entropy and then proceed to the proof of our main result, for which we develop a matrix version of an argument from [12] that uses the combinatorial Sauer-Perles-Shelah lemma along with results from the geometric theory of Banach spaces. In our case the key geometric fact concerns the relationship between n and k given an approximately isometric embedding of ℓ n 1 into the space of k × k matrices with the p = ∞ Schatten norm. We conclude with some applications and examples involving an operator-theoretic construction of positive entropy systems, the shift on the reduced group C * -algebra C * r (F ∞ ) (which is shown to have zero topological entropy on the state space in contrast to its full group C * -algebra counterpart), and automorphisms of rotation C * -algebras defined via elements of SL(2, Z).
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Topological entropy and state space dynamics
To start with we recall the definition of topological entropy for a homeomorphism T of a compact metric space (X, d) (see [9, 13] for general references). For an open cover U of X we denote by N (U) the smallest cardinality of a subcover, and we define the topological entropy of T by
where the supremum is taken over all open covers U. We may equivalently express the topological entropy in terms of separated and spanning sets as follows. A set E ⊂ X is said to be (n, ε)-separated (with respect to T ) if for every x, y ∈ E with x = y there exists a 0 ≤ k ≤ n − 1 such that d(T k x, T k y) > ε, and (n, ε)-spanning (with respect to T ) if for every x ∈ X there is a y ∈ E such that d(T k x, T k y) ≤ ε for each k = 0, . . . , n − 1.
Denoting by sep n (T, ε) the largest cardinality of an (n, ε)-separated set and by spn n (T, ε) the smallest cardinality of an (n, ε)-spanning set, we then have
Let A be a unital C * -algebra. We denote by S(A) the state space of A, i.e., the convex set of positive linear functionals φ on A with φ(1) = 1. We equip S(A) with the weak * topology, under which it is compact. Given a automorphism α of A we will denote by T α the homeomorphism of S(A) given by T α (σ) = σ • α for all σ ∈ S(A).
The following result is a generalization of the proposition on p. 422 of [22] (which treats homeomorphisms of compact metric spaces), and in fact the same proof also works here. For convenience we will give a version of the argument in our broader context. Proposition 2.1. Let A be a separable unital C * -algebra and α an automorphism of A.
Proof. We define a metric d on the dual A * by taking a dense sequence x 1 , x 2 , x 3 , . . . in the unit ball of A and setting
The metric d is compatible with the weak * topology on bounded subsets of A * . Now suppose that h top (T α ) > 0. Then for some ε > 0 we have lim sup
Fix an r ∈ N. Set θ = (1 − λ)/(1 − λ r ), and choose a λ > 0 with λ < max(1, 2 −1 θε), and set
For each n ∈ N let E n ⊂ S(A) be an (n, ε)-separated set of largest cardinality, and consider the subset
of S(A). We will show that E r n is an (n, ε ′ )-separated set of cardinality |E n | r . Indeed suppose that (σ 1 , . . . , σ r ) and (ω 1 , . . . , ω r ) are distinct r-tuples of elements in E n . Then for some 1 ≤ j ≤ r we have σ i = ω i for each i = 1, . . . , j − 1 and
Observe that if j < r, then in view of the definition of the metric d we have
while in the case j = r the first expression in this display is simply θλ r−1 d(T k α σ r , T k α ω r ), which again is strictly greater than ε ′ . It follows that E r n is an (n, ε ′ )-separated set of cardinality |E n | r as we wished to show, and so
Since r was arbitrary we conclude that h top (T α ) = ∞.
We point out that the above argument can also be used to obtain the same dichotomy for the values of topological entropy among continuous maps of state spaces induced by positive unital linear maps of separable operator systems or order-unit spaces, as well as among homeomorphisms of quasi-state spaces induced by automorphisms of general separable C * -algebras (see Section 4) .
As an example we will show that, for the shift on the full group C * -algebra C * (F ∞ ) of the free group on countably many generators, the topological entropy on the state space is infinite (Proposition 2.4). Although this is an immediate consequence of the fact that the C * -dynamical system arising from the topological 2-shift is a C * -dynamical factor of the shift on C * (F ∞ ) (see the paragraph following Proposition 2.4), we will give here a more explicitly geometric proof in anticipation of the arguments in Section 4. In addition, the following two lemmas which we will require are of use in other situations; for example, Lemma 2.2 shows that the topological entropy on the state space and quasi-state space agree (see the second paragraph of Section 4), while Lemma 2.3 will be convenient in Example 4.7.
Lemma 2.2. Let A be a separable unital C * -algebra and α an automorphism of A. Let S α be the homeomorphism of the closed unit ball B 1 (A * ) of the dual of A given by
Proof. Since T α is the restriction of S α to S(A), we have h top (S α ) ≥ h top (T α ). Thus, in view of Proposition 2.1, we need only show that h top (T α ) = 0 implies h top (S α ) = 0. Suppose then that h top (T α ) = 0. Let x 1 , x 2 , x 3 , . . . be a dense sequence in the unit ball of A and define on A * the metric
which is compatible with the weak * topology on bounded subsets of A * . Let ε > 0, and pick an integer r > ε −1 . Let E n ⊂ S(A) be an (n, ε)-spanning set (with respect to T α ) of smallest cardinality. Now if τ ∈ B 1 (A * ) then we can write
where each σ j is a positive linear functional of norm at most 1 [14, Thm. 4.3.6 and Cor. 4.3.7] . Since E n is (n, ε)-spanning, for each j = 1, 2, 3, 4 for which σ j = 0 we can find an
. . , n − 1, and we can also find an m j ∈ {0, 1, . . . , r} such that m j /r − σ j ≤ ε, so that, for every k = 0, . . . , n − 1,
For any j = 1, 2, 3, 4 for which σ j = 0, let ω j be any bounded linear functional on A and set m j = 0. Set
, and ifS α denotes the homeomorphism of the closed ball B 4 (A * ) = {σ ∈ A * : σ ≤ 4} given bỹ S α (σ) = σ • α, then in view of the definition of the metric d we have
for all k = 0, . . . , n − 1. Let F n be the subset of B 4 (A * ) consisting of all τ ′ which arise in the above way with respect to some τ ∈ B 1 (A * ). We have thus shown that F n is (n, 16ε)-spanning for B 1 (A * ) with respect toS α (in the obvious sense which relativizes the definition of an (n, ε)-spanning set to a subset of the space-see [9, Defn. 14.14]), and hence that the smallest cardinality spn n (S α , 16ε, B 1 (A * )) of an (n, 16ε)-spanning set for B 1 (A * ) with respect toS α is bounded above by |F n |, which is in turn bounded above by |E n | 4(r+1) . Since r does not depend on n we therefore obtain lim sup
Now Proposition 14.15 of [9] shows that the supremum of the first expression in the above display over all ε > 0 is in fact equal to the topological entropy of S α =S α B 1 (A * ) , and so we conclude that h top (S α ) = 0, as desired.
Lemma 2.3. Let A be a unital C * -algebra and α an automorphism of A. Suppose that there exists an x ∈ A and a K ≥ 1 such that, for each n ∈ N, the linear map Γ n : ℓ n 1 → span{x, α(x), . . . , α n−1 (x)} which sends the ith standard basis element of ℓ n 1 to α i−1 (x) for each i = 1, . . . , n is an isomorphism whose inverse has norm at most K. Then
Proof. Let x ∈ A, K ≥ 1, and Γ n for n ∈ N be as in the hypotheses. For each n ∈ N we denote by Λ n the collection of functions from {0, . . . , n − 1} to {−1, 1}. For each f ∈ Λ n we define the linear functional σ f on span(x, α(x), . . . , α n−1 (x)) by specifying
for each k = 0, . . . , n − 1. Since Γ −1 n has norm at most K, it follows that σ f has norm at most one. By the Hahn-Banach theorem we can extend σ f to an element σ ′ f in the dual A * of norm at most one. Fix a sufficiently small δ > 0 such that the two sets
form an open cover of the closed unit ball B 1 (A * ), and denote this cover by U. Let
U contains precisely one linear functional of the form σ f for f ∈ Λ n , from which it follows that
and so h top (T α ) = ∞ by Lemma 2.2 and Proposition 2.1.
Let {u i } i∈Z be the set of canonical unitaries associated to the generators in the full group C * -algebra C * (F ∞ ). The shift α on C * (F ∞ ) is the automorphism defined by specifying
Proof. For each n ∈ N, the linear map from span(u 0 , . . . , u n−1 ) to ℓ n 1 which sends u i to the ith standard basis element of ℓ n 1 is an isometry, as pointed out in [20, Sect. 8] . This follows from the observation that, for any scalars c 0 , . . . , c n−1 ,
where the supremum is taken over all unitaries v 0 , . . . , v n−1 ∈ B(ℓ 2 ). We can thus appeal to Lemma 2.3 to obtain the result. Proposition 2.4 can also be established by observing that if T is the left shift on X = {−1, 1} Z and β is the automorphism of C(X) defined by β(f ) = f • T for all f ∈ C(X), then β is a C * -dynamical factor of α. Indeed if we consider for each n ∈ N the function g n ∈ C(X) given by g n ((a k ) k∈Z ) = a n for all (a k ) k∈Z ∈ X, then we can define a * -homomorphism γ : C * (F ∞ ) → C(X) by specifying γ(u n ) = g n for each n ∈ N. By the Stone-Weierstrass theorem γ is surjective, and evidently γ • α = β • γ. It follows that T α contains a subsystem conjugate to T β and hence has infinite entropy by Proposition 2.1.
In contrast we will show in Proposition 4.8 that, for the corresponding shift on the reduced group C * -algebra C * r (F ∞ ), the topological entropy on the state space is zero.
3. Positive Sauvageot-Thouvenot or CNT entropy implies infinite topological entropy on the state space Two basic approaches have been developed for extending Kolmogorov-Sinai entropy to a noncommutative dynamical invariant. The definitions of Voiculescu [25] , on the one hand, measure dynamical growth using local approximation by finite-dimensional C * -algebras (as does Voiculescu-Brown entropy-see Section 4), while on the other hand ConnesNarnhofer-Thirring (CNT) entropy [8] (which is a generalization of Connes-Størmer entropy [7] ) and Sauvageot-Thouvenot entropy [21] are based on a physical observable point of view, with the former defined via Abelian models and the latter via tensor product couplings with Abelian systems. The Sauvageot-Thouvenot entropy majorizes the CNT entropy in general, and they are known to coincide in the setting of nuclear C * -algebras [21, Prop. 4.1]. We show in this section that if an automorphism α of a unital C * -algebra has positive Sauvageot-Thouvenot or CNT entropy with respect to an α-invariant state, then the topological entropy of the induced homeomorphism T α on the state space is infinite. This fact will be of use in the discussion of Example 4.9.
We first recall the definition of Sauvageot-Thouvenot entropy from [21] . Let α be an automorphism of a unital C * -algebra A, and let ω be an α-invariant state on A. Given an automorphism γ of a unital commutative C * -algebra C and a γ-invariant state µ on C, we define a stationary coupling of the system (A, α, ω) with the system (C, γ, µ) to be an α⊗γ-invariant state λ on A⊗C satisfying λ(x⊗1) = ω(x) for all x ∈ A and λ(1⊗c) = µ(c) for all c ∈ C. Given a finite partition P of C into projections supported by µ, we define for each p ∈ P the state ω p on A by
for all x ∈ A. The Sauvageot-Thouvenot entropy h ω (α) of α with respect to ω is the supremum over all stationary couplings λ of (A, α, ω) with commutative systems (C, γ, µ) of the supremum of the quantities
over all finite partitions P of C into projections supported by µ. Here H µ (·) is the classical entropy, H µ (· | ·) is the classical conditional entropy, and S(·, ·) is the quantum relative entropy of Araki [2] . For general references on ergodic theory we refer the reader to [9, 13] .
Proposition 3.1. Let α be an automorphism of a unital C * -algebra A. If α has positive Sauvageot-Thouvenot entropy with respect to some α-invariant state, then h top (T α ) = ∞.
Proof. Suppose that h ω (α) > 0 for some α-invariant state ω. Then there is a stationary coupling λ of (A, α, ω) with a commutative system (C, γ, µ) and a finite partition P of C into projections supported by µ such that
(the second inequality holds in general-see Section 2 of [21] ). By Proposition 5.2.12 of [19] the expression on the left-hand side in the above display is equal to the Kolmogorov-Sinai entropy lim n→∞
k=0 γ k (P )) with respect to the partition P , and so the restriction of T γ to the pure state space of C has positive topological entropy as a consequence of the variational principle. Therefore T γ has infinite topological entropy by Proposition 2.1. Now the embedding ι : C → A ⊗ C given by ι(c) = 1 ⊗ c induces the surjective continuous map R ι (σ) = σ • ι from S(A) onto S(C), and we have R ι • T α = T γ • R ι , so that T γ is a factor of T α . Thus, since T γ has infinite topological entropy, so does T α . We begin this section by recalling the definition of Voiculescu-Brown entropy, which is an extension to exact C * -algebras [5] of the approximation-based entropy for automorphisms of unital nuclear C * -algebras introduced in [25] . Let A be an exact C * -algebra, and let π : A → B(H) be a faithful representation. For a finite set Ω ⊂ A and δ > 0 we denote by CPA(π, Ω, δ) the collection of triples (φ, ψ, B) where B is a finite-dimensional C * -algebra and φ : A → B and ψ : B → B(H) are contractive completely positive maps such that (ψ • φ)(x) − π(x) < δ for all x ∈ Ω. This collection is non-empty by nuclear embeddability [16] . We define rcp(Ω, δ) to be the infimum of rank B over all (φ, ψ, B) ∈ CPA(π, Ω, δ), where rank refers to the dimension of a maximal Abelian C * -subalgebra. As the notation indicates, this infimum is independent of the particular faithful representation π, as demonstrated in the proof of [5, Prop. 1.3] . For an automorphism α of A we set ht(α, Ω, δ) = lim sup
with the last supremum taken over all finite sets Ω ⊂ A. We refer to ht(α) as the Voiculescu-Brown entropy of α. For any C * -algebra A, the quasi-state space Q(A) of A is defined as the convex set of positive linear functionals φ on A with φ ≤ 1. Equipped with the weak * -topology, Q(A) is compact. Given an automorphism α of A we denote byT α the homeomorphism σ → σ • α of Q(A). As in the previous section, when A is unital we denote by T α the homeomorphism σ → σ • α of the state space S(A), i.e., the restriction ofT α to S(A). Note that, since Q(A) is a subset of the unit ball of the dual A * , by Lemma 2.2 we have h top (T α ) = h top (T α ) in the unital case.
Before coming to the statement of our main result, we establish a couple of lemmas.
The following lemma and its proof were communicated to me by Nicole TomczakJaegermann. We will take all of our Banach spaces to be over the complex numbers, although it will not really matter for our purposes whether we use real or complex scalars. For 1 ≤ p ≤ ∞ we denote by C k p the Schatten p-class, i.e., the space of k × k matrices with norm x p = Tr(|x| p ) 1/p in the case 1 ≤ p < ∞ (where Tr is the trace taking value 1 on minimal projections), or the operator norm (with the matrices operating on ℓ k 2 ) in the case p = ∞. Given isomorphic Banach spaces X and Y and K ≥ 1, we say that X and Y are K-isomorphic if the Banach-Mazur distance
is no greater than K.
Lemma 4.1. Let X be an n-dimensional subspace of C k ∞ which is K-isomorphic to ℓ n 1 . Then n ≤ aK 2 log k where a > 0 is a universal constant.
Proof. The idea is to compare the (Rademacher) type 2 constants of ℓ n 1 , X, and C k ∞ (see Section 4 of [23] ). It can be seen from the proof of Theorem 3.1(ii) in [24] that the type 2 constant of the Schatten p-class for 2 ≤ p < ∞ satisfies
where C is a universal constant. Thus, since the Banach-
for every 2 ≤ p < ∞. Setting p = log k we obtain for sufficiently large k the bound
and since the type 2 constant for ℓ n 1 satisfies T 2 (ℓ n 1 ) ≥ √ n (see §4 in [23] ) it follows that
yielding the assertion of the lemma.
The next lemma is a matrix analogue of Proposition 2.1 of [12] , whose proof we will follow. In our case, however, the part of the argument in [12] involving almost Hilbertian sections of unit balls must be replaced with an appeal to Lemma 4.1.
As is our convention, for a Banach space X we write B r (X) to refer to the closed ball {x ∈ X : x ≤ r}. Lemma 4.2. Given ε > 0 and λ > 0 there exist n 0 ∈ N and µ > 0 such that, for all n ≥ n 0 , if φ : C rn 1 → ℓ n ∞ is a * -linear map of norm at most 1 such that φ(B 1 (C rn 1 )) contains an ε-separated set of self-adjoint elements of cardinality at least e λn , then r n ≥ e µn .
Proof. By Lemma 2.3 of [12] there exist d > 0, δ > 0, and n 0 ∈ N such that, for all n ≥ n 0 , if F is an ε-separated set of self-adjoint elements in B 1 (ℓ n ∞ ) of cardinality at least e λn then there exist a y 0 ∈ R and a set I n ⊂ {1, 2, . . . , n} such that (i) I n has cardinality at least dn, and (ii) for every f ∈ {0, 1} In there is an x ∈ F such that, for all i ∈ I n ,
Since the image of B 1 (C rn 1 ) under φ contains a convex and symmetric set of self-adjoint elements containing F , by considering decompositions into real and imaginary parts we infer that, for all n ≥ n 0 ,
∞ is an embedding of norm at most 1 whose inverse has norm at most 4/δ. Since these bounds do not depend on n, by Lemma 4.1 there is a c > 0 such that, for all n ≥ n 0 , |I n | ≤ c log r n and hence dn ≤ c log r n . Setting µ = d/c we obtain the assertion of the lemma.
Theorem 4.3. Let A be a separable exact C * -algebra and α an automorphism of A. Then ht(α) = 0 implies h top (T α ) = 0, and hence also h top (T α ) = 0 when A is unital.
Proof. Let K be any compact subset of self-adjoint elements in the unit ball of A whose linear span is dense in A (for example, we may take K = {k −1 x k } k∈N where {x k } k∈N is a dense sequence in the set of self-adjoint elements of norm ≤ 1). The metric ρ on Q(A) defined by ρ(σ, ω) = sup
for all σ, ω ∈ Q(A) is readily seen to give rise to the weak * topology. Now suppose h top (T α ) > 0. Then there exist an ε > 0, a λ > 0, and an infinite set J ⊂ N such that for all n ∈ J there is an (n, 4ε)-separated set E n ⊂ Q(A) of cardinality at least e λn . By compactness there is a finite set Ω ⊂ K such that, for all σ, ω ∈ Q(A),
Let π : A → B(H) be any faithful representation. We will show that ht(α, Ω, ε) > 0.
For each n ∈ J, let (φ n , ψ n , B n ) be an element in CPA(π, Ω ∪ · · · ∪ α n−1 Ω, ε) with B n of smallest possible rank, and set r n = rank B n . Writing Ω = {x 1 , . . . , x m } we define a map Γ n from the Schatten class C
for all h ∈ C rn 1 , where Tr is the trace on M rn (C) taking value 1 on minimal projections and B n is considered as a C * -subalgebra of M rn (C) under some fixed embedding. Note that Γ n is * -linear since each x i is self-adjoint. Also Γ n ≤ 1, since Ω ∪ αΩ ∪ · · · ∪ α n−1 Ω lies in the unit ball of A, φ n is contractive, and |Tr(hx)| ≤ Tr(|h|) x for all h ∈ C rn 1 and x ∈ B n .
For each σ ∈ Q(A), we can extend σ • π −1 on π(A) to a state σ ′ on B(H) (see the last paragraph in Section 1 of [5] ). Now if σ and ω are distinct elements of E n then there is a k with 0
and since for every x ∈ Ω we have
it follows by the triangle inequality that
Isometrically identifying a positive linear functional on B n with its density matrix in C rn 1 , we thus have that the image of {σ ′ • ψ n : σ ∈ E n } under Γ n is an ε-separated set of self-adjoint elements, with cardinality at least e λn . Since m does not depend on n, by Lemma 4.2 there is a µ > 0 such that r n ≥ e µn for all sufficiently large n ∈ J, and so ht(α, Ω, ε) ≥ µ > 0, yielding the result.
The following lemma, which can be established in exactly the same way as Lemma 2.2, immediately yields the strengthening of Theorem 4.3 which is recorded as Theorem 4.5 below.
Lemma 4.4. Let A be a separable C * -algebra and α an automorphism of A. Let S α be the homeomorphism σ → σ • α of the closed unit ball B 1 (A * ) of the dual of A. Then
Theorem 4.5. Let A be a separable exact C * -algebra and α an automorphism of A. Then ht(α) = 0 implies h top (S α ) = 0 where S α is the homeomorphism σ → σ • α of the closed unital ball B 1 (A * ) of the dual of A.
The following corollary is an immediate consequence of Theorem 4.5 and the fact that topological entropy does not increase under taking factors or restrictions to closed invariant subsets. 
) be the operator obtained by specifying by Z) ). Let u be the shift uξ k = ξ k+1 on B(ℓ 2 (Z)) with respect to the canonical basis {ξ k : k ∈ Z}, and let A ⊂ B(ℓ 2 (Z)) be the C * -algebra generated by {u n au −n } n∈Z . By restricting Ad u to A we obtain an automorphism α of A. By our assumption on f , for every g ∈ {−1, 1} {0,...,n−1} we can find a j ∈ Z such that for each k = 0, . . . , n − 1 we have
As a consequence, for each n ∈ N the real linear map which sends the kth standard basis element of ℓ n 1 over the real scalars to α k (a) for each k = 0, . . . , n − 1 is an isometry, and the complexification of this map is an isomorphism of norm at most 2 with inverse of norm at most 2. Lemma 2.3 then yields h top (T α ) = ∞, and so it follows from Theorem 4.3 that ht(α) > 0 whenever A is exact (this can in fact also be deduced directly from Lemma 4.1-see Remark 4.12). In the case that a is a diagonal operator with respect to the canonical basis of ℓ 2 (Z), the C * -algebra A is commutative and the topological entropy of the induced homeomorphism of the pure state space coincides with ht(α) by [25, Prop. 4.8] and hence is positive (as can also be seen from Theorem A of [12] ). The main point of these examples is to demonstrate that positive entropy can be established in many systems without having either to relate the given system to a topological dynamical system which is known a priori to have positive topological entropy or to rely on measure-theoretic quantities like CNT or Sauvageot-Thouvenot entropy. It is sufficient, for example, that the eigenspaces of the iterates of an operator of norm 1 corresponding to the respective eigenvalues ±1 are sufficiently mixed along their intersection.
Using Theorem 4.3 we can also show that, for the shift on the reduced crossed product C * r (F ∞ ) of the free group on countably many generators, the topological entropy on the state space is zero (cf. Proposition 2.4):
Proof. By [11] or [6] the Voiculescu-Brown entropy of α is zero, and so we can apply Theorem 4.3.
We don't know whether or not the converse of Theorem 4.3 (or, equivalently, of Theorem 4.5) holds. Consider however the following examples, for some of which we can establish positive Voiculescu-Brown entropy while not having been able to determine the topological entropy on the state space.
Example 4.9. For each θ ∈ R the rotation algebra A θ is defined as the universal C * -algebra generated by unitaries u and v subject to the relation vu = e 2πiθ uv.
Setting W θ (k) = e iπθmn u m v n for each k = (m, n) ∈ Z, we obtain, for each matrix S ∈ SL(2, Z), a automorphism α S of A θ satisfying
These noncommutative analogues of toral automorphisms were introduced in [26] and [4] . In the case that θ is rational, by restricting α to the centre of A θ we obtain the corresponding toral automorphism at the level of the pure state space, and this has topological entropy log rad S, the logarithm of the spectral radius of S (see [9, Thm. 24.5] ). By [25, Prop. 5.3 ] the Voiculescu-Brown entropy of α S is at most log rad S for general θ (and hence exactly log rad S for rational θ by Propositions 4.4 and 4.8 of [25] ). In particular, if the eigenvalues of S lie on the unit circle then ht(α S ) = 0, in which case the topological entropy of the homeomorphism induced by α S on the state space is zero. For the remainder of the discussion we will assume not to be in this case, so that S has two real eigenvalues λ and λ −1 with |λ| > 1.
With a view to obtaining a lower estimate for the Voiculescu-Brown entropy of α S , consider the tensor product A θ ⊗ A −θ . For clarity we will denote byū andv the canonical unitaries in A −θ and byᾱ S the automorphism of A −θ arising from S, while keeping the original notation in the case of A θ . Let π : A θ → B(H) andπ : A −θ → B(H) be the faithful representations arising from the respective canonical tracial states via the GNS construction, with canonical cyclic vectors ξ andξ. With respect to the representation π ⊗π, the unitaries u ⊗ū and v ⊗v act as shift operators in different coordinate directions on the Hilbert subspace
and thus constitute canonical generators for a copy of C(T 2 ). The restriction of α S ⊗ᾱ S to the invariant C * -subalgebra C * (u⊗ū, v⊗v) thus induces the toral automorphism associated to S at the level of the pure state space, and hence has Voiculescu-Brown entropy log rad S. We therefore have, using the tensor product subadditivity of Voiculescu-Brown entropy,
Thus at least one of α S andᾱ S has entropy at least 1 2 log rad S. It can furthermore be shown that ht(α S ) > 0 for a residual set of rotation parameters θ [15] . However these arguments give no clue about the values of topological entropy on the state space, which in fact we have been unable to determine except for the countably many θ for which we know the CNT entropy of α S with respect to the canonical tracial state to be positive, in which case the topological entropy of the induced homeomorphism T α S on the state space is infinite by Proposition 3.1. In addition to the rationals, this countable set of θ contains 2Q+2Qλ 2Z , since for θ ∈ 2Z+2Zλ 2 the von Neumann algebraic dynamical system arising from α S with respect to the canonical tracial state is an entropic K-system [18] and entropic K-systems have positive CNT entropy [17] , and in general we can reduce to this special case by passing to a suitable invariant C * -subalgebra and using the additivity of CNT entropy with respect to iteration of the automorphism.
We also point out that the anti-isomorphism from A θ to A −θ which sends u toū and v tov is an order isomorphism and hence induces a conjugacy between T α S and Tᾱ S at the level of the state spaces, so that h top (T α S ) = h top (Tᾱ S ).
We conclude the paper with three remarks.
Remark 4.10. To show in the proof of Proposition 4.8 in [25] that the Voiculescu(-Brown) entropy dominates the topological entropy on the pure state space in the separable commutative setting, Voiculescu applies the classical variational principle along with several properties of the Connes-Narnhofer-Thirring entropy. It has been a problem to find a proof of this inequality that does not involve measure-theoretic entropies. In this regard Theorem 4.3 at least gives a geometric picture of why positive topological entropy on the pure state space yields positive Voiculescu-Brown entropy at the C * -algebra level.
Remark 4.11. As a corollary to Theorem 4.3 we recover the result of Glasner and Weiss asserting that if a homeomorphism of a compact metric space has zero topological entropy then the induced homeomorphism on the space of probability measures also has zero topological entropy [12] . To obtain this corollary we merely need the fact that the topological entropy of a homeomorphism dominates the Voiculescu-Brown entropy of the induced C * -algebra automorphism, and this can be established by a straightforward partition of unity argument (see the proof of Proposition 4.8 in [25] ). Now in the geometric approach of [12] the construction of the key Banach space map is most easily managed in the zerodimensional situation, and indeed an auxiliary reduction result [12, Prop. 2.4 ] is invoked to handle the general case. Thus by adopting a C * -algebraic viewpoint we have obtained a functional-analytically more streamlined geometric proof of Glasner and Weiss's result.
Remark 4.12. Lemma 4.1 also yields a means for obtaining lower bounds for VoiculescuBrown entropy directly at the completely positive approximation level, and is particularly useful when dealing with dynamical extensions. To illustrate, let Ω = {x 1 , . . . , x n } be a subset of an exact C * -algebra A, and suppose that the linear map Γ : ℓ n 1 → span Ω which sends the ith standard basis element of ℓ n 1 to x i for each i = 1, . . . , n is an isomorphism whose inverse is bounded in norm by some K ≥ 1. Since Γ is necessarily contractive, it is a K-isomorphism, i.e., Γ Γ −1 ≤ K. Now if (φ, ψ, B) ∈ CPA(π, Ω, δ) for some faithful representation π : A → B(H) and 0 < δ < K −1 , then for any linear combination c i x i of the elements of Ω we have
so that φ c i x i ≥ (1−Kδ) c i x i , and since φ is contractive it follows that φ| span Ω is a (1 − Kδ) −1 -isomorphism onto its image. Hence the Banach-Mazur distance between ℓ n 1 and the image of span Ω under φ is at most K(1 − Kδ) −1 , and so by Lemma 4.1 we conclude that log rcp(Ω, δ) ≥ na
where a > 0 is a universal constant. Thus if α is an automorphism of A and x is an element of A such that there exists a K ≥ 1 such that for every n ∈ N the linear map which sends the ith standard basis element of ℓ n 1 to α i−1 (x) for each i = 1, . . . , n is an isomorphism whose inverse has norm at most K, then ht(α) ≥ sup δ>0 ht(α, {x}, δ) ≥ sup δ∈(0,K −1 )
This lower bound for entropy also applies to any automorphism β of an exact C * -algebra D such that there exists a surjective * -homomorphism γ : D → A with γ • β = α • γ, for in such a case we can lift x under γ to a element y ∈ D of the same norm, and the linear map from sending the ith standard basis element of ℓ n 1 to β i (y) for each i = 1, . . . , n is an isomorphism with inverse of norm at most K, as is easily checked. More generally, we also obtain the lower bound ht(β) ≥ a −1 K −2 for any automorphism β of a separable exact C * -algebra such that α can obtained from β via a finite chain of intermediary automorphisms intertwined in succession by contractive linear surjections or linear isometries in the reverse direction (cf. Corollary 4.6).
As an example, consider the shift T on X = {−1, 1} Z and the associated automorphism α of C(X) given by α(f ) = f • T for all f ∈ C(X). Let g be the self-adjoint element of C(X) defined by g((a k ) k∈Z ) = a 0 for all (a k ) k∈Z ∈ X. Then for each n ∈ N the real linear map which sends the ith standard basis element of ℓ n 1 over the real scalars to α i−1 (g) for each i = 1, . . . , n is an isometry, and the complexification of this map is an isomorphism of norm 1 whose inverse has norm at most 2. Thus ht(α) ≥ ht(α, {x}) ≥ (4a) −1 , with this lower bound also applying to any automorphism β of a separable exact C * -algebra from which α can be obtained in the manner described in the general discussion above.
